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Abstract

The e}ects of the electric double layer near the solidÐliquid interface and the ~ow induced electrokinetic _eld on the
pressure!driven ~ow and heat transfer through a rectangular microchannel are analyzed in this work[ The electric double
layer _eld in the cross!section of rectangular microchannels is determined by solving a non!linear\ two!dimensional
PoissonÐBoltzmann equation[ A body force caused by the electric double _eld and the ~ow!induced electrokinetic _eld
is considered in the equation of motion[ For steady!state\ fully!developed laminar ~ows\ both the velocity and the
temperature _elds in a rectangular microchannel are determined for various conditions[ The ~ow and heat transfer
characteristics with:without consideration of the electrokinetic e}ects are evaluated[ The results clearly show that\ for
aqueous solutions of low ionic concentrations and a solid surface of high zeta potential\ the liquid ~ow and heat transfer
in rectangular microchannels are signi_cantly in~uenced by the presence of the electric double layer _eld and the induced
electrokinetic ~ow[ Þ 0887 Elsevier Science Ltd[ All rights reserved[

Nomenclature

Ac cross!section area of the channel ðm1Ł
Cf friction coe.cient
Cpf speci_c heat capacity of liquid ðJ kg−0 K−0Ł
Dh channel hydraulic diameter ðmŁ
e elementary charge ðCŁ
Ec Eckert number
EDL electrical double layer
Ex streaming potential ðV m−0Ł
f friction factor
G0\ G1 non!dimensional parameters
hx local heat transfer coe.cient ðW m−1 K−0Ł
H channel height ðmŁ
Ic\ Is conduction and streaming current\ respectively ðAŁ
kb Boltzmann constant ðJ mol−0 K−0Ł
K non!dimensional electrokinetic diameter
L channel length ðmŁ
n¦\ n− local concentration of positive and negative
ions\ respectively ðm−2Ł
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n9 bulk concentration of ions ðm−2Ł
Nu Nusselt number
P hydraulic pressure in x!direction ðPaŁ
Pe Peclet number
Pr Prandtl number
PS channel perimeter ðmŁ
qý heat ~ux ðW m−1Ł
Qv\ Q9v volume ~ow rate with and without EDL e}ects\
respectively ðm2 s−0Ł
Re9 reference Reynolds number
T temperature ðKŁ
u ~uid velocity component in x ~ow direction ðm s−0Ł
uave\ u9ave average ~uid velocity with and without EDL
e}ects\ respectively ðm s−0Ł
U reference velocity ðm s−0Ł
v\ w ~uid velocity component in y and z direction\
respectively ðm s−0Ł
W half channel width ðmŁ
X\ XÞ non!dimensional x!coordinate
Y\ Z non!dimensional y!coordinate and z!coordinate\
respectively
z¦\ z− valence of the positive and negative ions\
respectively[
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Greek symbols
af thermal di}usivity of the ~uid ðm1 s−0Ł
or dielectric constant of the ~uid
o9 permittivity of vacuum ðC V−0 m−0Ł
u temperature of the ~uid ðKŁ
u¹ non!dimensional temperature of the ~uid
k DebyeÐHuckel parameter ðm−0Ł
kf thermal conductivity of the ~uid ðW m−0 K−0Ł
lb\ ls bulk and surface electric conductivity of the ~uid\
respectively ð0 V−0 m−0Ł
ma apparent viscosity of the ~uid ðkg m−0 s−0Ł
mf dynamic viscosity of the ~uid ðkg m−0 s−0Ł
z zeta potential ðVŁ
re net electric charge density ðC m−2Ł
rf density of the ~uid ðkg m−2Ł
c local electrostatic potential in the EDL ðVŁ
C non!dimensional electrical potential[

Superscript
* non!dimensional parameters[

0[ Introduction

Understanding of microscale transport phenomena is
important to the design and process control of various
Micro!Electric!Mechanical Systems "MEMS# and many
modern instruments used in chemical analysis and biom!
edical diagnostics[ The microchannel heat exchanger or
microchannel heat sink is such an example ð0Ł[ Micro!
channel heat sinks have a great potential for cooling
high power VLSI circuitry ð1Ł and high power laser diode
arrays ð2Ł[ However\ many experimental observations ð3Ł
have shown that heat transfer and ~ow phenomena in
microscale are quite di}erent from those in macroscale[
It is\ therefore\ necessary to study the fundamental
characteristics of these phenomena in order to develop
the related high technology products[

Since the pioneering work of Tuckerman and Pease
ð1Ł\ a signi_cant amount of experimental information has
been generated in the areas of forced ~ow and convection
heat transfer in microchannels ð3\ 4Ł[ Anomalous
behaviors of microchannel ~ow and heat transfer were
observed by some investigators in their experiments[
Pfahler et al[ ð5\ 6Ł conducted an experimental inves!
tigation of ~uid ~ow in microchannels[ They found that
in relatively large ~ow channels\ the experimental obser!
vations were in a rough agreement with the predictions
from classical theories[ However\ deviations from the
classical Poiseuille ~ow were observed in the small chan!
nels "hydraulic diameter less than 39 mm#[ This may imply
that certain phenomena become important at smaller
channels or that the conventional form of the NavierÐ
Stokes equation is not adequate for modeling micro!
channel ~ow[ Moreover\ their results indicate that polar
~uids "isopropanol# and non!polar ~uids "silicon oil#

behave di}erently\ and thus polar nature of the ~uid may
play a role in the microchannel ~ow[ Similarly\ Urbanek
et al[ ð7Ł measured liquid "0! and 1!propanol\ 0! and
2!pentanol\ and water# ~ow through 4\ 01 and 14 mm
hydraulic diameter microchannels with liquid tem!
perature varying from 9Ð74>C[ The Poiseuille number
"i[e[\ friction coe.cient# dependence on ~uid temperature
and the channel size was reported "according to the con!
ventional theories\ the Poiseuille number should be inde!
pendent of ~uid properties and only a function of the
cross!section of the channel#[ Also the ratio of the mea!
sured friction coe.cient to the predicted friction
coe.cient was found to change from 0[90Ð0[29 depend!
ing on the working ~uid and the temperature[ Muham!
mad and Gui ð8Ł performed experimental measurement
of water ~ow and heat transfer in silicon wafer micro!
channels with di}erent ratios of height to width[ Their
experiments showed that the friction coe.cient is slightly
higher than that predicted by classical theories[ Again
the signi_cantly high heat transfer coe.cient in micro!
channels "compared with that in macrochannels# was
obtained[ More recently\ Peng and Wang ð09Ł and Peng
and Peterson ð00Ł systematically examined the forced ~ow
and heat transfer characteristics of water and binary mix!
tures ~owing through rectangular microchannels[ It was
observed that the laminar ~ow transition occurred at
Reynolds number between 199 and 699\ and the critical
transition Reynolds number diminished with the decrease
in the size of the microchannels[ Furthermore\ the strong
e}ects of the hydraulic diameter and the aspect ratio on
the ~ow and heat transfer in microchannels were found[
Overall\ these investigations provided substantial exper!
imental data and considerable evidence that the ~ow and
heat transfer in microchannels are strongly dependent
upon the type and properties of the working ~uid as
well as geometric parameters of microchannels ð01Ł\ and
therefore may be quite di}erent from what typically occur
in macrochannels[

On the theoretical side\ Eringen ð02\ 03Ł extended con!
tinuum ~uid theory to describe micro~uid behavior[ He
proposed a microcontinuum theory to describe the trans!
lation\ rotation\ and deformation of individual ~uid
elements[ He stated that the ~uid ~ow in microchannels
will deviate from the prediction of the classical NÐS equa!
tion[ Later Jacobi ð04Ł employed this microcontinuum
theory to a fully developed\ laminar convection in a cir!
cular duct with constant heat ~ux[ The {distorted| velocity
and temperature pro_les "compared with the con!
ventional pro_les# were reported[ Jacobi also showed that
Nusselt number is reduced by as much as 6) for polar
~uids from the theoretical value of 3[25[ In addition\ slip
~ow theory\ based on the rare_ed dynamic model\ has
also been introduced to model microscale ~ows ð05\ 06Ł[
Nevertheless\ as pointed out by Duncan and Peterson ð3Ł
in their excellent review of microscale heat transfer\ little
fundamental work on the microchannel ~ow and heat
transfer has been done since the early work by Eringen[
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The objective of this paper is to evaluate the in~uence
of interfacial electrokinetic phenomena on the ~ow and
heat transfer in rectangular microchannels\ in an attempt
to provide insight into mechanisms of microchannel ~ow
and heat transfer[ In this study we believe that the elec!
trical double layer near the liquidÐchannel wall interface
and the electrokinetic ~ow may be responsible for these
unusual behaviors of the microchannel ~ow and heat
transfer[ It is known that most solid surfaces carry
electrostatic charges\ i[e[ an electrical surface potential[
If the liquid contains a very small number of ions " for
instance\ due to impurities#\ the electrostatic charges on
the non!conducting solid surface will attract the coun!
terions in the liquid[ The rearrangement of the charges
on the solid surface and the balancing charges in the
liquid is called the electrical double layer "EDL# ð07Ł[
Because of the electrostatic interaction\ the counterion
concentration near the solid surface is higher than that
in the bulk liquid far away from the solid surface[
Immediately next to the solid surface\ there is a layer
of counterions which are strongly attracted to the solid
surface and are immobile[ This layer is called the compact
layer\ normally about several Angstroms thick[ From the
compact layer to the uniform bulk liquid\ the counterion
concentration gradually reduces to that of bulk liquid[
Ions in this region are a}ected less by the electrostatic
interaction and are mobile[ This layer is called the di}use
layer of the EDL[ The thickness of the di}use layer is
dependent on the bulk ionic concentration and electrical
properties of the liquid\ usually ranging from several
nanometers for high ionic concentration solutions up to
the order of microns for distilled water[ Generally\ for
macrochannel ~ow the EDL e}ects can be safely
neglected as the thickness of the EDL is very small com!
pared with the characteristic size of channels[ However\
for microchannel ~ow the thickness of the EDL is often
comparable with the characteristic size of ~ow channels[
Thus the EDL e}ects originated from the electrostatic
interaction between ions in liquid and the charged solid
" ~ow channel# surface may play an important role in
microchannel ~ow and heat transfer[

When a liquid is forced through a microchannel under
an applied hydrostatic pressure\ the counterions in the
di}use layer "mobile part# of the EDL are moving
towards the downstream end[ The movement of coun!
terions or electrical charges\ however\ generates an elec!
tric _eld with an electrokinetic potential called the
streaming potential ð07Ł[ This induced streaming poten!
tial is a steady!state potential di}erence which builds up
along a microchannel[ The presence of the EDL _eld and
the streaming potential will exert electric forces on the
ions in the di}use double layer\ and hence have a pro!
found in~uence on the motion of ions[ It is obvious that
when ions move in a liquid\ they will pull the liquid
molecules to move with them[ Therefore\ the liquid ~ow
and hence the heat transfer are a}ected by the presence

of the EDL _eld and the streaming potential[ Such
phenomenon are usually referred to as electrokinetic
e}ects ð07Ł[

The theory of the electrokinetic e}ects on micro!
channel ~ow characteristics has been well established
ð08Ł[ Burgreen and Nakache ð19Ł studied the e}ect of the
surface potential on liquid transport through ultra_ne
capillary slits with the DebyeÐHuckel linear approxi!
mation to the electrical potential distribution under an
imposed electrical _eld[ Rice and Whitehead ð10Ł con!
ducted a research on the same problem in narrow cyl!
indrical capillaries[ Levine et al[ ð11Ł extended Rice and
Whitehead|s model to a higher surface potential by
developing an approximate solution of the PoissonÐ
Boltzmann "PÐB# equation[ Recently\ Mala et al[ ð12Ł
presented a paper on a microchannel ~ow and heat trans!
fer between two parallel plates with electrokinetic e}ects[
In addition to the above mentioned theoretical studies\
the experimental evidence of the electrokinetic e}ects on
the liquid ~ow in microchannels were also provided in
the literature ð08Ł[ More recently\ Mala et al[ ð13Ł reported
experimental studies of ~ow of distilled water and aque!
ous solutions through silicon and glass microchannels
between two parallel plates[ Microchannels with a height
ranging from 09Ð179 mm were used in their measure!
ments[ Their results amply demonstrated that the liquid
~ow in such a microchannel was strongly in~uenced by
the electrokinetic e}ects[ For example\ depending on the
channel height and the electrical properties of the channel
surface\ the measured ~ow rate of the distilled water
can be 79) lower than that predicted from the classical
Poiseuille ~ow equation[

Generally\ most of these cited studies of electrokinetic
e}ects on liquid ~ow dealt with one!dimensional EDL
_eld\ which holds only for simple geometric channels\
such as circular cylinders and slit!shaped channels[ No
study has been reported to consider the electrokinetic
e}ects on the forced ~ow in rectangular microchannels[
However\ in practice\ the cross!section of microchannels
made by modern micromachining technology is close to
a rectangular shape ð14Ł[ In such a situation\ a two!
dimensional PÐB equation is required to describe the
electrical potential distribution in the rectangular chan!
nel ^ and the corner of the channel may have particular
contribution to the EDL _eld\ subsequently to the ~uid
~ow and heat transfer[

To evaluate the electrokinetic e}ects on the micro!
channel liquid ~ow and heat transfer\ our focus in this
paper is restricted to a steady!state\ fully!developed\ lami!
nar liquid ~ow and convection in rectangular micro!
channels[ First\ a non!linear\ two!dimensional PoissonÐ
Boltzmann "PÐB# equation is solved numerically[ Then
an additional body force originating from the electrical
double layer "EDL# and the electrokinetic _elds is intro!
duced to the conventional NavierÐStokes "NÐS# equa!
tion[ Following that a procedure is developed to obtain
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an exact solution to the modi_ed NÐS equation[ Finally\
the general energy equation for rectangular micro!
channels is constructed and the calculations for the
energy equation are carried out[ The ~ow and heat trans!
fer characteristics with:without consideration of the EDL
e}ects are compared and discussed[

1[ Electrical double layer _eld in a rectangular

microchannel

In order to consider the EDL and the electrokinetic
e}ects on the ~uid ~ow in rectangular microchannels\ we
must evaluate the distributions of electrical potentials
and net charge density in a rectangular microchannel[
Consider a rectangular microchannel of width 1W\ height
H\ and length L as illustrated in Fig[ 0"a#[ According to
the theory of electrostatics\ the relationship between the
electrical potential c and the net charge density per unit

Fig[ 0[ "a# A rectangular microchannel "width 1W\ height H\
length L#[ "b# Schematic of the microchannel cooling system[

volume re at any point in the solution is described by the
two!dimensional Poisson equation

11c

1y1
¦

11c

1z1
� −

re

oro9

"0#

where or is the dielectric constant of the solution and o9 is
the permittivity of vacuum[

Assuming the Boltzmann distribution equation is
applicable\ the number concentration of the type!i ion in
a symmetric electrolyte solution is of the form

ni � ni9 exp 0−
ziec
kbT1 "1#

where ni9 and zi are the bulk concentration and the valence
of type!i ions\ respectively\ e is the elementary charge\ kb

is the Boltzmann constant\ and T is the absolute tem!
perature[ Strictly speaking\ the Boltzmann distribution is
applicable only when the system is in equilibrium state[
If there exists a liquid ~ow\ the ionic concentration dis!
tribution may be distorted by the presence of the ~ow
and hence should be described by the general NernstÐ
Planck ð15Ł "i[e[\ the particle mass transfer# equation[ In
such a case\ the problem may become more di.cult to
deal with since the Poisson equation\ the NernstÐPlanck
equation\ and the equation of motion are coupled[ How!
ever\ in the literature many previous studies ð08Ð12Ł sim!
ply assumed that the Boltzmann distribution is applicable
without giving any proof[ As such\ the validity of Boltz!
mann distribution applicable to the microchannel ~ow
has been examined in this study[ It was found that only
for a microchannel ~ow with a very small Peclet number
or in a fully!developed hydrodynamic state\ the Boltz!
mann distribution can be safely applied[ The detailed
proof is given in Appendix A[

The net volume charge density re is proportional to
the concentration di}erence between symmetric cations
and anions\ via

re � ze"n¦−n−# � −1zen9 sinh 0
zec
kbT1[ "2#

Substituting equation "2# into the Poisson equation
leads to the well!known PoissonÐBoltzmann equation[

11c

1y1
¦

11c

1z1
�

1zen9

oro9

sinh 0
zec
kbT1[ "3#

By de_ning the DebyeÐHuckel parameter
k �"1z1e1n9:oro9kbT#0:1 "0:k is normally referred to as the
EDL thickness# and the hydraulic diameter of the rec!
tangular microchannel Dh � 3HW:"H¦1W# and intro!
ducing the dimensionless groups ] Y � y:Dh\ Z � z:Dh\
K � kDh\ and C � zec:kbT\ the above equation can be
non!dimensionalized as

11C
1Y1

¦
11C
1Z1

� K1 sinh C "4#
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here Y and Z are non!dimensional coordinates shown in
Fig[ 0\ K is the non!dimensional electrokinetic diameter
de_ned as the ratio of the hydraulic diameter to the
electrical double layer thickness\ and C is the non!dimen!
sional electrical potential representing the ratio of the
electrical energy zec to the thermal energy kbT[

Due to the symmetry of a rectangular channel\ equa!
tion "4# is subjected to the following boundary conditions
in a half of the rectangular cross!section ]

Y � 9 C � z¹ Y �
H
Dh

C � z¹ "5a#

Z � 9
1C
1Z

� 9 Z �
W
Dh

C � z¹ "5b#

where z¹\ de_ned by z¹ � zez:kbT\ is a non!dimensional
zeta potential of the channel walls "here z is the zeta
potential of the channel wall#[ The zeta potential is a
measurable electrical potential at the shear plane\ i[e[
the boundary between the compact layer and the di}use
layer\ as de_ned in the EDL theory ð07Ł[

In order to solve this non!linear\ elliptic\ di}erential
equation\ a numerical _nite!di}erence scheme ð16Ł is
introduced to derive this di}erential equation into
discrete\ algebraic equations[ The non!linear source term
in equation "4# is linearized as

sinh Cn¦0 � sinh Cn¦"Cn¦0−Cn# cosh Cn "6#

where the subscript "n¦0# and n represent the "n¦0#th
and the nth iterative value\ respectively[ The derived dis!
crete\ algebraic equations are solved by using the GaussÐ
Seidel iterative procedure[ The solution of the linearized
PÐB equation with the same boundary conditions is
chosen as the _rst guess value for the iterative calculation[
The under!relaxation technique is employed to make this
iterative process converge quickly[ The criterion of
numerical convergence is chosen as 09−3\ which is the
relative desired accuracy "given as =Cn¦0−Cn=:
Cn ¾ 09−3# for the calculated non!dimensional potential
values at each grid point on two successive iterations[

After the electrical potential inside the rectangular
microchannel is computed\ the local net charge density
can be obtained from equation "2# as

re "Y\ Z# � −1zen9 sinh C"Y\ Z# "7#

This local net charge density is required to determine
electrostatic force caused by the presence of the EDL
_eld[ Such an electrostatic force is considered as an
additional body force existing in microchannel ~ow to
modify the conventional Poiseuille ~ow equation\ which
will be discussed in the next section[

2[ Flow _eld in a rectangular microchannel

Consider the case of a two!dimensional\ forced\ lami!
nar ~ow through a rectangular microchannel as illus!

trated in Fig[ 0"a#[ The equation of motion for an incom!
pressible liquid is given by

rf

1V

1t
¦rf "V =9#V � −9P¦F¦mf91V[ "8#

In this equation\ rf and mf are the density and viscosity
of the liquid\ respectively[ For a steady!state\ fully
developed ~ow\ the components of velocity V satisfy
u � u"y\ z# and v � w � 9 in terms of Cartesian coor!
dinates[ Thus\ both the time term 1V:1t and the inertia
term "V =9#V vanish[ Also\ the hydraulic pressure P is a
function of x only and the pressure gradient dP:dx is
constant[ If the gravity e}ect is negligible\ the body force
F is caused only by the action of an induced electrical
_eld Ex "see the explanation in the electrokinetic potential
section# on the net charge density re"Y\ Z# ðdetermined
from equation "7#Ł in the electric double layer region\
i[e[ Fx � Exre[ With these considerations\ equation "8# is
reduced to

11u

1y1
¦

11u

1z1
�

0
mf

dP
dx

−
0
mf

Exre "y\ z#[ "09#

De_ning the reference Reynolds number
Re9 � rfDhU:mf and non!dimensionalizing equation "09#
via the following dimensionless parameters

u¹ �
u
U

PÞ�
P−P9

rfU
1

XÞ �
x

Dh Re9

"00a#

dPÞ
dXÞ

�
Dh Re9

rfU
1

dP
dx

EÞx �
ExDh Re9

z9

"00b#

where U is a reference velocity\ P9 is a reference pressure\
and z9 is a reference electrical potential\ one can obtain
the non!dimensionalized equation of motion

11u¹

1Y1
¦

11u¹

1Z1
�

dPÞ
dXÞ

−
cc

rfU
1
EÞxre "Y\ Z#[ "01#

Substituting re"Y\ Z# by equation "7# and de_ning a
new dimensionless number GÞ0 � 1zen9z9:rfU

1\ the equa!
tion of motion may\ therefore\ be written as

11u¹

1Y1
¦

11u¹

1Z1
�

dPÞ
dXÞ

¦GÞ0EÞx sinh C"Y\ Z#[ "02#

The symmetric and no!slip boundary conditions that
apply for the velocity u¹ are

Y � 9 u¹ � 9 Y �
H
Dh

u¹ � 9 "03a#

Z � 9
1u¹
1Z

� 9 Z �
W
Dh

u¹ � 9[ "03b#

It is worth mentioning here that the present model is
within the frame of the continuum ~ow\ particularly\ the
no!slip boundary condition is assumed to be applicable
at the channel wall[ However\ it has been speculated by
a few investigators that slip ~ow may occur in micro!
channel ~ow[ Arkilic et al[ ð06Ł investigated gaseous
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helium ~ow through microchannels of 0[22 mm in height
for pressure drop from 9[1Ð0[4 atm[ It was shown that
the NavierÐStokes equations with slip ~ow boundary
condition can give a good estimate of the ~ow situation[
Choi ð17Ł also conducted experiments on gaseous nitro!
gen ~ow in circular microtubes with diameters ranging
from 1Ð70 mm[ He found that slip ~ow must be considered
for the tube diameter less than 2 mm[ On the other hand\
for liquid ~ow\ Russian scientists ð18Ł discovered from
experiments that the conditions for the slip ~ow to occur
depend on not only the size of channels but also the
characteristics of ~uid and channel surfaces[ It was found
that the liquid slip ~ow may have appreciable e}ects
when non!polar ~uid ~ow over hydrophilic solid surfaces
or aqueous solution ~ow over hydrophobic solid surfaces
in microtubes with the diameter less than 1 mm[ Although
it is still being debated that when slip ~ow e}ects become
important as channel size decreases\ the aqueous solution
~ow in a hydrophilic silicon channel of tens of microns
considered in this work can certainly be treated as a no!
slip ~ow[

By using the Green|s function formulation\ the solu!
tion of equation "02# subjecting to the above boundary
conditions can be expressed as

u¹ "Y\ Z# � −lim
t:� g

t

t�9

dtg
H:Dh

Y?�9 g
W:Dh

Z?�9

G"Y\ Z\ t = Y?\ Z?\ t#

×$
dPÞ
dXÞ

¦GÞ0EÞx sinh C"Y?\ Z?#% dY? dZ?[ "04#

Here G"Y\ Z\ t = Y?\ Z?\ t# is the Green|s function which
may be found by using the separation of variables method
ð29Ł[ The expression for G"Y\ Z\ t = Y?\ Z?\ t# is given by

G"Y\ Z\ t = Y?\ Z?\ t#

�
3D1

h

WH
s
�

m�0

s
�

n�0

exp 6−p1D1
h $

m1

H1
¦

"1n−0#1

3W1 %"t−t#7
×sin 0

mpDh

H
Y1 sin 0

mpDh

H
Y?1

×cos $
"1n−0#pDh

1W
Z% cos $

"1n−0#pDh

1W
Z?%[ "05#

Substituting equation "05# into equation "04# and
rearranging it\ one can obtain the non!dimensional ~uid
velocity pro_le in the microchannel as follows ]

u¹ "Y\ Z# � −
7

p3D1
h

dPÞ
dXÞ

× s
�

m�0

s
�

n�0

"−0#n ð"−0#m−0Ł sin 0
mpDh

H
Y1

×cos $
"1n−0#pDh

1W
Z%

m"1n−0# $
m1

H1
¦

"1n−0#1

3W1 %

−
3

p3HW
GÞ0EÞx s

�

m�0

s
�

n�0

sin 0
mpDh

H
Y1 cos $

"1n−0#pDh

1W
Z%

m1

H1
¦

"1n−0#1

3W1

×g
H:Dh

Y?�9 g
W:Dh

Z?�9

sin 0
mpDh

H
Y?1

×cos $
"1n−0#pDh

1W
Z?% sinh C"Y?\ Z?# dY? dZ?[ "06#

If there is no electrostatic interaction\ the second term
on the right hand side of the above equation vanishes[
The ~uid velocity reduces to

u¹9"Y\ Z# � −
7

p3D1
h

dPÞ
dXÞ

× s
�

m�0

s
�

n�0

"−0#n ð"−0#m−0Ł sin 0
mpDh

H
Y1

×cos $
"1n−0#pDh

1W
Z%

m"1n−0# $
m1

H1
¦

"1n−0#1

3W1 %
"07#

which is the well!known Poiseuille ~ow velocity pro_le
through the rectangular channel[

Using equations "06# and "07#\ the mean velocity with
and without the consideration of the e}ects of the EDL
may be written\ respectively\ as

u¹ave � −
05HW

p5D3
h

dPÞ
dXÞ

× s
�

m�0

s
�

n�0

ð"−0#m−0Ł1

m1"1n−0#1 $
m1

H1
¦

"1n−0#1

3W1 %
−

7

p3D1
h

GÞ0EÞx

× s
�

m�0

s
�

n�0

"−0#n ð"−0#m−0Ł

m"1n−0# $
m1

H1
¦

"1n−0#1

3W1 %
×g

H:Dh

Y?�9 g
W:Dh

Z?�9

sin 0
mpDh

H
Y?1

×cos $
"1n−0#pDh

1W
Z?% sinh C"Y?\ Z?# dY? dZ?

"08#

and
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u¹9ave � −
05HW

p5D3
h

dPÞ
dXÞ

× s
�

m�0

s
�

n�0

0

m1"1n−0#1 $
m1

H1
¦

"1n−0#1

3W1 %
[ "19#

Thus\ the non!dimensional volume ~ow rate
through the rectangular microchannel\ de_ned by
QÞv � Qv:1HWU\ is given by

QÞv � u¹ave[ "10#

Correspondingly\ in the absence of the electrical double
layer\ the non!dimensional volume ~ow rate is expressed
as

QÞ9v � u¹9ave[ "11#

In order to calculate the ~uid velocity distributions\
the analytical solution equation "06# for the velocity is
used to obtain the {exact solution| which\ in practice\
usually means an error of 9[90) or less[ As seen from
equation "06#\ the velocity distribution _nally is expressed
by two in_nite series[ Therefore\ usually a very large
number of terms in series is needed to achieve this error
criteria[ To reduce computation time\ the Aitken|s pro!
cedure ð29Ł is employed[

3[ Electrokinetic potential in a rectangular

microchannel

So far\ we have derived the distribution of the non!
dimensional electrical potential and the net electrical
charge density\ equation "6# and equation "7#\ and the
non!dimensional ~uid velocity pro_le and mean velocity\
equation "06# and equation "08#[ However\ as seen from
equations "06# and "08#\ the local and the mean velocity
can be calculated only when the non!dimensional induced
electrical potential\ EÞx\ is known[ As explained
previously\ the pressure!driven liquid ~ow makes the
counterions net charge in the di}use double layer move to
the downstream end[ The movement of electrical charges
forms an electrical current\ called the streaming current\
~owing the same direction as the liquid ~ow[ Cor!
respondingly\ a ~ow!induced electric potential\ i[e[ the
electrokinetic potential\ is set up along a microchannel[
This potential in turns generates an electric current\ called
the conduction current\ to ~ow in the opposite direction
to the pressure!driven liquid ~ow[ When the conduction
current Ic is equal to the streaming current Is\ a steady
state is reached[ Then the net electrical current I should
be zero[

I � Is¦Ic � 9[ "12#

The electrokinetic potential at the steady!state is called
the streaming potential[

Due to symmetry of the rectangular microchannel\ the
electrical streaming current Is is de_ned as ð07Ł

Is � 1D1
hU g

H:Dh

Y�9 g
W:Dh

Z�9

u¹ "Y\ Z#re "Y\ Z# dY dZ[ "13#

The electrical conduction current Ic in the micro!
channel consists of two parts ð07Ł ] one is due to the
conductance of the bulk liquid ^ the other is due to the
surface conductance or the conductance of the compact
layer of the EDL[ This electrical conduction current can
be expressed as

Ic � Ibc¦Isc � ltExAc �
1ltHWz9

Dh Re9

EÞx "14#

where Ibc and Isc are the bulk and the surface electrical
conduction current\ respectively[ lt is the total electrical
conductivity and it can be calculated by
lt � lb¦"lsPs:Ac# ð07Ł[ Here Ps and Ac are the wetting
perimeter and the cross!section area of the channel\
respectively\ lb is the bulk conductivity of the solution\
and ls is the surface conductivity\ which may be deter!
mined by experiment ð13Ł[

Substituting equation "7# for re"Y\ Z# into equation
"13# and putting equations "13# and "14# back into equa!
tion "12#\ one can show that the non!dimensional stream!
ing potential takes the form

EÞx �
D1

h

HW
GÞ1 Re9g

H:Dh

Y�9 g
W:Dh

Z�9

u¹ "Y\ Z# sinh C"Y\ Z# dY dZ

"15#

here the non!dimensional number GÞ1 � 1zen9DhU:ltz9[
Furthermore\ the substitution of u¹ "Y\ Z# from equa!

tions "06# and "07# into equation "15# _nally gives the
non!dimensional streaming potential as

EÞx �

D1
h

HW
GÞ1 Re9 g

H:Dh

Y�9 g
W:Dh

Z�9

u¹9"Y\ Z#

×sinh C"Y\ Z# dY dZ

0¦
D3

h

H1W1
GÞ0GÞ1 Re9g

H:Dh

Y�9 g
W:Dh

Z�9

C9

×sinh C"Y\ Z# dY dZ

"16#

where

C9 �
3

p1D1
h

× s
�

m�0

s
�

n�0

sin 0
mpDh

H
Y1 cos $

"1n−0#pDh

1W
Z%

m1

H1
¦

"1n−0#1

3W1

×g
H:Dh

Y?�9 g
W:Dh

Z?�9

cos 0
mpDh

H
Y?1 cos $

"1n−0#pDh

1W
Z?%

×sinh C"Y?\ Z?# dY? dZ?[
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Once knowing all the parameters shown in equation
"16#\ one can readily determine the non!dimensional
streaming potential\ which is required to calculate the
velocity pro_le ðequation "06#Ł\ the mean velocity ðequa!
tion "08#Ł\ and the volumetric ~ow rate ðequation "10#Ł[

4[ The electroviscous effect

It is apparent from the previous analysis that the pres!
ence of an EDL _eld and a streaming potential exerts
electrical forces on the counterions in the liquid\ and
hence has a profound in~uence on the ~ow behavior[ The
direct consequence is that a liquid ~ow is produced in the
direction opposite to the pressure!driven ~ow[ Therefore\
the ~ow rate in the pressure drop direction is reduced[
The liquid thus appears to exhibit an enhanced viscosity
if the ~ow rate is compared with that in the absence of
the EDL[

As we have already shown\ the non!dimensional ~ow
rate through the microchannel with and without the con!
sideration of the EDL e}ects are given by equation "10#
and equation "11#\ respectively[ Equalizing equation "10#
with equation "11#\ i[e[ QÞv � QÞ9v\ and using expressions
for u¹ave and u¹9ave in equation "08# and equation "19# as
well as dPÞ:dXÞ and EÞx in equation "00b#\ one may get the
ratio of the apparent viscosity to the bulk viscosity as

maf

mf

�
0

0¦
p1D1

hGÞ0EÞx

1HW"dPÞ:dXÞ#
C0

C1

"17#

where

C0 � s
�

m�0

s
�

n�0

"−0#n ð"−0#m−0Ł

m"1n−0# $
m1

H1
¦

"1n−0#1

3W1 %
×g

H:Dh

Y?�9 g
W:Dh

Z?�9

sin 0
mpDh

H
Y?1

×cos $
"1n−0#pDh

1W
Z?% sinh C"Y?\ Z?# dY? dZ?

C1 � s
�

m�0

s
�

n�0

ð"−0#m−0Ł1

m1"1n−0#1 $
m1

H1
¦

"1n−0#1

3W1 %
[

Since the non!dimensional pressure gradient is negative
and both C0 and C1 are greater than zero\ it is easy to
show that this ratio is greater than 0\ which is referred to
as the electroviscous e}ect ð07Ł[

5[ Friction coef_cient

The friction factor for the ~ow through rectangular
channels in the conventional ~uid mechanics is de_ned
as

f �
−

dP
dx

Dh:3

rfu
1
ave:1

�
−

dPÞ
dXÞ

1 Re9u¹
1
ave

[ "18#

Therefore\ the friction coe.cient\ i[e[ the product of the
friction factor f and Reynolds number Re � rfDhuave:mf\
is given by

Cf � f Re �
−

dPÞ
dXÞ

1u¹ave

[ "29#

Substituting for u¹ave in equation "09# leads to

Cf �
0
05

0
1HWC1

p5D3
h

¦
GÞ0EÞxC0

p3D1
h "dPÞ:dXÞ#

[ "20#

Clearly\ if there are no EDL e}ects\ the second term in
the denominator of equation "20# will be zero\ and hence
Cf is a constant for a given channel geometry as known
in the classical theory of ~uid mechanics[ However\ when
the EDL e}ect is considered\ equation "20# shows that
Cf is no longer a constant\ but a function of the EDL
_eld\ the streaming potential\ and the pressure gradient\
etc[

6[ Energy equation

In the application of a microchannel heat sink for
cooling a microchip\ a silicone wafer plate with a large
number of microchannels is attached to the chip\ as illus!
trated in Fig[ 0"b#[ The channels are sealed by anodically
bonding a glass plate on the top[ A liquid is forced to
~ow through these microchannels to carry the heat away[
All microchannels are assumed to have a uniform rec!
tangular cross!section with the same geometric par!
ameters as shown in Fig[ 0"a#[ A microchannel in the
center part of the plate will be considered in our analysis
below[

As the spatially varying interfacial heat transfer
coe.cient cannot be prescribed\ a conjugate heat transfer
problem which consists of simultaneous computation of
heat transfer in both the solid channel wall and the
cooling liquid has to be solved ð20Ł[ However\ our objec!
tive in this study is to evaluate the in~uence of elec!
trokinetic e}ects on convection heat transfer in micro!
channels[ To simplify the problem\ an approximation of
a uniform heat transfer coe.cient along the channel wall
is made[ This approximation was adopted to perform
analysis of heat transfer in microchannels by many other
researchers\ such as Tuckerman and Pease ð1Ł\ Keyes
ð21Ł\ Samalam ð22Ł\ and Bejan and Morega ð23Ł[ Under
such an approximation\ only energy equation for the
cooling liquid needs to be considered for the micro!
channel cooling system[

For a steady!state\ fully developed\ laminar ~ow in a
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microchannel\ the energy equation "with consideration
of the axial thermal conduction in ~ow direction and
the viscous dissipation# for the cooling liquid takes the
speci_c form ]

u
1u

1x
� af 0

11u

1x1
¦

11u

1y1
¦

11u

1z11¦
mf

rfCpf $0
1u
1y1

1

¦0
1u
1z1

1

%
"21#

where u and af are the temperature and the thermal di}u!
sivity of the cooling liquid\ respectively\ Cpf is the speci_c
heat capacity of the cooling liquid[

Consider a microchannel in the center part of the plate[
Taking advantage of the symmetry of the rectangular
channel\ we will center the computational domain in a
half channel as shown in Fig[ 0"a#[ Thus\ the adiabatic
condition can be used along the channel symmetric center
line\ i[e[ "1q:1z# � 9 at z � 9[ Uniform heat ~ux qý gen!
erated by electronic chips is applied to the bottom wall
of the channel and may be expressed as −kf"1q:1y# � qý
at y � 9 "here kf is the thermal conductivity of the liquid
coolant#[ Since the thermal conductivity of the glass is
about two!order of magnitude lower than that of a silicon
wafer\ we assume that the top boundary is insulated[ This
is a conservative assumption which will lead to slight
underestimation of the overall heat transfer coe.cient[
This assumption yields "1q:1y# � 9 at y � H[ Another
approximation made here is that the heat ~ux along the
channel height\ qýy\ is uniform\ which is identical to the
assumption that the heat transfer coe.cient along the
channel height is constant[ For a steady!state heat trans!
fer\ an energy balance equation is applied to the wall
"silicon wafer# between two channels ] qýd � 1qýyH "here
d is the thickness of the wall between two channels#\
which leads to qýy � kf "1q:1z# =z�W �"d:1H#qý[ The error
induced by this approximation depends upon the ratio
of the thermal conductivity of the silicon wafer to that of
the cooling liquid and on the geometric ratio of channel
height to width as well[ As mentioned above\ a more
precise analysis would require solving a conjugate heat
transfer in both solid silicon wafer and cooling liquid
simultaneously[

In terms of q¹ �"q−qi:qýDh:kf#\ Prf �"mf:rfaf#\
Ec �"rfU

1:rfCpfqýDh:kf#\ X �"x:Dh# and the non!dimen!
sional groups in equations "00a# and "00b#\ the energy
equation can be normalized as ]

u¹
1q¹

1X
�

0
Re9 Prf 0

11q¹

1X1

¦
11q¹

1Y1
¦

11q¹

1Z11¦
Ec
Re9 $0

1u¹
1Y1

1

¦0
1u¹
1Z1

1

% "22#

and the appropriate boundary conditions are ]

Y � 9
1q¹

1Y
� −0 Y �

H
Dh

1q¹

1Y
� 9 "23a#

Z � 9
1q¹

1Z
� 9 Z �

H
Dh

1q¹

1Z
�

d
1H

"23b#

X � 9 q¹ � 9[ "23c#

To consider thermal conduction in axial ~ow direction\
the thermal boundary condition at the outlet of the chan!
nel has to be speci_ed[ Unfortunately\ this information is
not usually available[ Taking advantage of the numerical
scheme\ we choose this thermal boundary condition in
such a way that the temperature gradient at the outlet of
the channel is equal to that of its adjacent upstream grid
point[ The validity of such a boundary condition at the
outlet of the channel will be seen from the calculated
results shown later[

Based on the thermal energy balance on the channel
length L\ the non!dimensional temperature at the outlet
of the channel can be expressed as ]

q¹9 � 0
0

1H
¦

d
3HW1

L
Re9 Prf

¦
1L

H¦W
Ec
Re9 g

H:Dh

Y�9 g
H:Dh

Z�9 $0
1u¹
1Y1

1

¦0
1u¹
1Z1

1

% dY dZ[ "24#

By de_nition\ the non!dimensional bulk mean tem!
perature is calculated at the axial position in the following
way ]

q¹ b"X# �
D1

h

HWu¹av g
H:Dh

Y�9 g
W:Dh

Z�9

q¹u¹ dY dZ[ "25#

Before solving the energy equation\ it should be
pointed out that the problem we are dealing with is
extremely complicated[ In principle\ the PoissonÐBoltz!
mann equation\ the equation of motion\ and the energy
equation are coupled[ On the one hand\ the presence of
the EDL _eld and the ~ow!induced electrokinetic _eld
may cause a deviation of the Poiseuille ~ow pattern[
Consequently\ such a {distorted| "compared with the
Poiseuille ~ow# ~ow _eld expressed by equation "06# will
have impact on heat transfer in microchannels via the
energy equation "21#[ On the other hand\ a change in
temperature may a}ect the EDL _eld and hence the ~uid
velocity pro_le[ Such in~uences are re~ected from the
non!dimensional electrokinetic diameter K � kDh\ or
more precisely from the so!called DebyeÐHuckel par!
ameter de_ned as k �"1z1e1n9:oro9kbT#0:1[ Fortunately\
our calculations showed that the e}ects of temperature
on the EDL _eld and the ~uid velocity _eld are negligible[
This can be understood as follows ] it should be noted
that the dielectric constant is dependent on temperature[
For aqueous solutions the dielectric constant mon!
otonically changes in an opposite way to temperature
variation ð24Ł[ This means if temperature increases\ the
dielectric constant will decrease[ Thus\ the dependence of
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DebyeÐHuckel parameter on temperature is very weak[
Consider the following simple example[ For a single
phase convection\ the inlet and the outlet temperature
are chosen as T0 � 187 K "14>C# and T1 � 224 K "79>C#\
respectively[ The corresponding dielectric constant are
67[4 and 50[9\ respectively ð24Ł[ A simple calculation
shows that the ratio of the DebyeÐHuckel parameter is
"k1:k0# � 0[93[ Accordingly\ the ratio of the calculated
mean velocity in such an extreme case is
"u¹ave1:u¹ave0# � 0[90 only[ Therefore\ we can safely assume
that the PoissonÐBoltzmann equation is decoupled from
the energy equation in our calculations[

The energy equation is computed by using the control!
volume based _nite di}erence method ð16Ł[ Since the ~ow
and the heat transfer are decoupled and the velocity _eld
has already been solved before\ the viscous dissipation
term can be easily treated as the source term\ which
is independent of temperature[ The upwind scheme is
employed to approximate the convection term[ Central
di}erences are used to discrete the di}usion terms[ To
validate the numerical code\ the program was tested by
reproducing the same heat transfer problem as stated by
Chandrupatla and Sastri ð25Ł[ The grid!dependence of
the results was veri_ed by repeating the same calculation
for various numbers of grid points[

After the temperature distribution is obtained\ the
local Nusselt number at each axial step can be computed
by

NuX\H1
�

hxDh

kf

�
d¦1W

1"H¦1W#
0

q¹ s "X#−q¹ b"X#
"26#

where hx is the local heat!transfer coe.cient and q¹ s is
the non!dimensional average temperature of the channel
wall[ The mean Nusselt number is given by ]

Nuave\H1
�

Dh

L g
L:Dh

Z�9

NuX\H1
dX[ "27#

7[ Results and discussion

In the previous sections\ general equations were
derived for characterizing the pressure!driven liquid ~ow
and heat transfer through a rectangular microchannel[
Examination of these equations reveals that the charac!
teristics of such forced microchannel ~ow and heat trans!
fer are determined by following non!dimensional par!
ameters K\ dPÞ:dXÞ\ GÞ0\ GÞ1\ and Ec[ Physically\ the non!
dimensional electrokinetic diameter\ K � kDh\ represents
the ratio of the hydraulic diameter of a rectangular chan!
nel to the thickness of the EDL[ By de_nition\ the
non!dimensional pressure gradient\ dPÞ:dXÞ �
ðDh"dP:dx#:mfUŁ\ can be interpreted as the ratio of the
mechanical force to the viscous force[ GÞ0 �"1zen9z9:rfU

1#
characterizes the ratio of the EDL energy to the mech!
anical kinetic energy[ GÞ1 �"1zen9DhU:ltz9# represents the

ratio of the streaming current to the conduction current[
Eckert number\ Ec\ measures the viscous dissipation
e}ect[

In order to estimate the values of these non!dimen!
sional parameters\ we consider a fully developed\ laminar
~ow of an aqueous 0]0 electrolyte "e[g[\ KCl# solution
through a rectangular microchannel with a height of 19
mm\ width of 29 mm and length of 0 cm[ At a typical room
temperature T � 187 "K#\ the dielectric constant and the
viscosity of the liquid are or � 67[4 and mf � 9[89×09−2

"kg ms−0#\ respectively[ An applied pressure di}erence of
DP � 1 "atm# and an arbitrarily chosen reference velocity
U � 0[9 "m s−0# are considered[ An experimentally deter!
mined correlation ð13Ł for the zeta potential of the P!
type silicon plates with di}erent concentrations of KCl
electrolyte solution is used in our calculation[ For elec!
tronic cooling systems\ the ~uid temperature at the
entrance of the channel and the heat ~ux are chosen as
187 K and 0[9×094 W m−1\ respectively[

With the above mentioned values\ it is quite straight!
forward to calculate the ~ow and heat transfer charac!
terizing parameters\ such as velocity distribution\ ~ow
rate\ friction constant\ temperature distribution\ and
Nusselt number by the equations developed above[

7[0[ EDL potential pro_le

The non!linear\ two!dimensional PoissonÐBoltzmann
equation is computed for two sets of concentrations and
zeta potentials ] c90 � 09−5 M "n90 � 5[911×0919#\
zc0 � 049 mV and c91 � 09−7 M "n91 � 5[911×0907#\
zc1 � 199 mV[ The results for the non!dimensional EDL
potential pro_le across a quarter of the rectangular chan!
nel are plotted in Fig[ 1"a#Ð"b#[ As seen in Fig[ 1\ the
EDL _eld exists only in the region close to the channel
wall for the concentration c90 � 09−5 M in Fig[ 1"a#[
However\ the electrical potential pro_le can extend to a
much larger portion of the channel for the concentration
c91 � 09−7 M in Fig[ 1"b#[ This indicates that the EDL
e}ects may be signi_cant for lower concentration aque!
ous solutions[ Closer examination of Fig[ 1 reveals the
strong corner e}ect on the EDL potential pro_le[ This is
an important feature of the two!dimensional PoissonÐ
Boltzmann equation which is expected to in~uence the
~ow _eld in such a rectangular microchannel[

7[1[ Velocity distribution

The computation of non!dimensional velocity dis!
tribution according to equation "06#\ which is an exact
solution to the equation of motion by the Green|s func!
tion formula\ is carried out for a given external pressure
di}erence[ In Fig[ 2"a#Ð"d#\ the distribution of non!
dimensional velocity is plotted for two di}erent micro!
channels of 29×19 mm and 29×39 mm with and without
the consideration of the EDL e}ects[ As seen from these
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(a)

(b)

Fig[ 1[ Non!dimensional EDL potential pro_le "in one quarter of cross!sectional microchannel with width 29 mm and height 19 mm#[
"a# c90 � 09−5 M\ zc0 � 049 mV[ "b# c91 � 09−7 M\ zc1 � 199 mV[
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Fig[ 2[ Non!dimensional velocity distribution "in one quarter of cross!sectional microchannel#[ "a#"c# With EDL e}ects "c9 � 09−7 M\
zc � 199 mV# for channel 29×19 and 29×39 mm\ respectively[ "b#"d# Poiseuille pro_le for channel 29×19 and 29×39 mm\ respectively[
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Fig[ 2*continued[

_gures\ the EDL exhibits signi_cantly stronger e}ects on
the ~ow pattern in the smaller channel in Fig[ 2"a# than
that in the larger channel in Fig[ 2"c#[ In Fig[ 2"a# and
"c#\ it is clearly shown that the velocity distributions are
distorted and the ~ow velocity near the channel wall

approaches zero due to the action of the EDL _eld and
the induced electrokinetic potential[ Also the maximum
velocity at the center of the channel are much lower than
that in the classical Poiseuille ~ow in Fig[ 2"b# and "d#[
Moreover\ as expected from the two!dimensional PÐB
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equation\ the ~ow _elds around the channel corner in
Fig[ 2"a# and "c# deviate from the classical Poiseuille ~ow
pattern in Fig[ 2"a# and "c#\ respectively[

7[2[ Volumetric ~ow rate

As explained before\ the streaming potential drives
counterions in the di}use double layer to move in the
opposite direction to the pressure!driven ~ow and these
moving ions drag the surrounding liquid molecules with
them[ This produces a reduced volumetric ~ow rate as
predicted by equation "10#[ The result is demonstrated in
Fig[ 3\ which depicts the volumetric ~ow rate as a func!
tion of the non!dimensional pressure di}erence for two
sets of concentrations and zeta potentials[ Obviously Fig[
3 shows for a lower concentration of the electrolyte solu!
tion and a higher zeta potential of the channel wall\ the
volumetric ~ow rate is remarkably reduced[ The expla!
nation for this is that if the ionic concentration is lower\
which implies a smaller DebyeÐHuckel parameter\ i[e[ a
larger EDL thickness\ the EDL exhibits stronger e}ects[

7[3[ Friction coef_cient

In Fig[ 4\ the friction coe.cient Cf\ which is the product
of the friction factor and Reynolds number as given by

Fig[ 3[ Variation of non!dimensional volumetric ~ow rate with non!dimensional pressure di}erence for di}erent concentrations and
zeta potentials[

equation "20#\ is plotted against the microchannel height
with a _xed channel width for two sets of concentrations
and zeta potentials[ It is well known that from the classi!
cal theory "no EDL e}ects# the friction coe.cient for a
rectangular channel is only dependent on the geometric
ratio of channel height to width[ However\ the cal!
culations from our model indicate that the zeta potentials
of the solid surface and the concentrations of the elec!
trolyte solution have a signi_cant in~uence on the friction
coe.cient[ For the case of a smaller value of the zeta
potential and a higher ionic concentration\ the friction
coe.cient is very close to that predicted by the classical
theory[ But as the zeta potential increases and the ionic
concentration decreases\ which implies stronger elec!
troviscous e}ects\ the friction coe.cient drastically
increases[ The presented result of the friction coe.cient
dependence of the ratio of channel height to width is in
a rough agreement with that obtained by PengÐPetersonÐ
Wang|s papers ð09\ 01Ł[

7[4[ Temperature _eld and Nusselt number

Generally\ the e}ects of EDL and electrokinetic _elds
reduce the liquid velocity and the ~ow rate\ and conse!
quently increase the temperature in the microchannel[



C[ Yan` et al[:Int[ J[ Heat Mass Transfer 30 "0887# 3118Ð3138 3132

Fig[ 4[ Friction coe.cient vs microchannel height with a _xed width of 29 mm for di}erent concentrations and zeta potentials[

Such e}ects on the temperature _eld are clearly shown in
Fig[ 5"a#Ð"d#\ which depict the non!dimensional cross!
sectional temperature distribution at the middle cross!
section of the microchannel for two di}erent channels
29×19 and 29×39 mm\ respectively[ The general trend is
that the smaller channel su}ers much stronger EDL
e}ects than the larger one[ This may be understood as
follows ] as the channel size gets smaller\ the EDL thick!
ness becomes relatively larger and hence its e}ects
become stronger[ In Fig[ 6\ the local non!dimensional
bulk mean temperature of the ~uid is plotted as a function
of the channel length[ Basically it shows a good linear
relation of temperature variation with the channel length[
This result veri_es the validity of the temperature bound!
ary condition we speci_ed at the exit of the microchannel[
From both Figs 5 and 6\ a conclusion may be drawn ]
under the conditions in our calculations\ the EDL e}ects
on microchannel ~ow and heat transfer may become
unimportant when the channel size is larger than 39 mm[
This accords with the fact reported by Pfahler et al[ ð5\
6Ł that deviations from the classical Poiseuille ~ow were
experimentally observed in the small channels "hydraulic
diameter less than 39 mm#[

To see the overall heat transfer characteristics\ the local
Nusselt number vs the channel length with:without con!
sideration of the EDL e}ects for the channel of 29×19
mm is shown in Fig[ 7[ It is seen that the Nusselt number
with the consideration of the EDL e}ects is lower than
that in conventional theory[ For the limiting Nusselt
numbers the di}erence is over 09)[ Moreover\ it is
observed that for a fully developed\ hydrodynamic ~ow
the thermal entrance e}ect on the microchannel heat
transfer can be neglected as it occupies only 0Ð1) of the
channel length[ Figure 8 depicts the mean Nusselt number
as a function of the microchannel height with a _xed
width of 29 mm[ Again there is quite a di}erence between
the mean Nusselt numbers with and without the con!
sideration of the EDL e}ects[ Also\ closer examination
of Fig[ 8 indicates that this di}erence becomes smaller as
the channel height increases and tends to be a constant
when the channel height is larger than 39Ð49 mm[ The
reason is that when the channel height becomes larger
the EDL e}ects become smaller[ When the channel height
is over 39Ð49 mm\ the EDL e}ects are not from the chan!
nel height but from the channel width\ which is _xed at
29 mm[
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Fig[ 5[ Non!dimensional temperature distribution "in a half channel at the middle cross!section of a microchannel#[ "a#"c# With EDL
e}ects "c9 � 09−7 M\ zc � 199 mV# for channel 29×19 and 29×39 mm\ respectively[ "b#"d# No EDL e}ects for channel 29×19 and
29×39 mm\ respectively[



C[ Yan` et al[:Int[ J[ Heat Mass Transfer 30 "0887# 3118Ð3138 3134

Fig[ 5*continued[
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Fig[ 6[ Local non!dimensional bulk mean temperature of the liquid vs non!dimensional channel length for di}erent channel sizes "with
EDL e}ects ] c9 � 09−7 M\ zc � 199 mV#[

In addition\ numerical tests were performed to evaluate
the in~uences of the axial thermal conduction in ~ow
direction and the viscous dissipation considered in the
energy equation "22#[ These e}ects are usually ignored in
macrochannel heat transfer treatment[ It was found that
for the parameters chosen in this study the consideration
of the axial thermal conduction in ~ow direction only
causes a 9[92) increase in the non!dimensional bulk
mean temperature at the outlet of the channel and a
9[91) change of the mean Nusselt number\ respectively[
Similarly\ the consideration of the viscous dissipation
only causes a 9[94) increase in the non!dimensional bulk
mean temperature at the outlet of the channel and a 9[5)
change of the mean Nusselt number\ respectively[ These
results clearly show that the axial thermal conduction in
~ow direction and the viscous dissipation have little
impact on microchannel heat transfer and therefore they
can be safely neglected[ As such\ it can be concluded that
the existence of anomalous behavior of heat transfer in
microchannels should be attributed to the e}ects that
in~uence the ~ow characteristics\ such as the elec!
trokinetic e}ects[

8[ Concluding remarks

The e}ects of the EDL at the solidÐliquid interface on
the pressure driven liquid ~ow and heat transfer through
a rectangular microchannel are analyzed in this work[
The computational results show the EDL potential pro!
_le exhibits di}erent features from that predicted by the
one!dimensional PÐB equation and shows strong corner
e}ects[ The EDL _eld near the channel wall tends to
restrict the motion of ions and hence the liquid molecules
in the EDL region[ For the cases of low concentration
solutions and high zeta potentials\ the velocity distri!
bution\ the volumetric ~ow rate\ and the temperature
_eld are signi_cantly a}ected by the presence of the EDL
and hence deviate from the prediction of the conventional
theory[ The EDL _eld and the induced electrokinetic
potential act against the liquid ~ow\ resulting in a higher
friction coe.cient\ a reduced ~ow rate\ and a reduced
Nusselt number\ depending on the geometric parameters
of the rectangular microchannels\ the ionic concentration
of solutions\ and the zeta potential of the channel wall[
Some experimentally observed anomalous phenomena
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Fig[ 7[ Local Nusselt number vs non!dimensional microchannel length[

Fig[ 8[ Mean Nusselt number vs microchannel height with a _xed width of 29 mm[
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may be explained using the models developed in this
work[

Appendix

In the following\ we will discuss the validity of the
Boltzmann distribution in the case of the microchannel
~ow[

Generally\ the ionic concentration distribution ni is
described by the NernstÐPlanck equation ð15Ł\ which
under steady!state conditions and in the absence of
source terms can be expressed in the convective!di}usion
form

9 ="Di9ni#−9 ="Vi = ni# � 9 "A0#

where Di is the di}usion coe.cient of the type!i ion and
Vi is the velocity of the type!i ion[ Under such a situation\
the ion velocity Vi can be decomposed into contributions
from hydrodynamic velocity V and a velocity ui due to
the electrostatic _eld acting on the ion "caused by the
presence of the EDL _eld#[ Then one can write

Vi � V¦ui[ "A1#

The velocity ui is related to the electrostatic force exert!
ing on the ions by the following equation

Fei � zieE � fiui "A2#

where zi is the valence of the type!i ion\ e is the elementary
charge\ E is the electrostatic _eld strength\ and fi is the
hydrodynamic resistance coe.cient[ Noting that E is
given by

E � −9c "A3#

"here c is the electrical potential# and the hydrodynamic
resistance coe.cient fi can be determined from the
StokesÐEinstein equation

fi �
kbT
Di

"A4#

"here kb is the Boltzmann constant#\ one can readily show
that the velocity ui can be given by

ui � −
zieDi9c

kbT
[ "A5#

Substituting equations "A5# and "A1# into equation
"0#\ and using 9 = V� 9\ yields

91ni−
V

Di

= 9ni¦9 = 0
zieni

kbT
9c1� 9[ "A6#

The equation "A6# can be normalized as

91n¹ i−Pe eV = 9n¹ i¦9 = 0
zien¹ i

kbT
9c1� 9 "A7#

where n¹ i is the non!dimensional ionic concentration
n¹ i �"ni:ni9# "here ni9 is the bulk concentration of the type!
i ion#\ Pe is the Peclet number Pe �"=V=Dh:Di#\ eV is the
unit vector along the hydrodynamic velocity V direction[

"i# Considering a micromchanel ~ow with a very small
Peclet number\ i[e[ Pe ¼ 9\ the second term in the
equation "A7# drops out and then equation "A7#
becomes

91n¹ i¦9 = 0
zien¹ i

kbT
9c1� 9[ "A8#

"ii# If the microchannel ~ow is fully!developed\ the com!
ponents of hydrodynamic velocity V satisfy
u � u"y\ z# and v � w � 9 in terms of Cartesian coor!
dinates[ Under such conditions\ equation "A7# is
reduced to

91n¹ i−PeX

1n¹ i

1X
¦9 = 0

zien¹ i

kbT
9c1� 9[ "A09#

Note that under steady!state situations no mass exchange
occurs at the channel wall[ This implies that there is no
appreciable ionic concentration gradient along the axial
direction\ i[e[ "1n¹ i:1X# � 9[ Accordingly\ the equation
"A09# is also reduced to equation "A8#[

In either case "i# or case "ii#\ one can readily solve
equation "A8# and obtain its solution\ which is

n¹ i � exp 0−
ziec
kbT1 or ni � ni9 exp 0−

ziec
kbT1[ "A00#

This is the well!known Boltzmann distribution[ There!
fore\ we may conclude that for a microchannel ~ow with
a very small Peclet number or in a fully!developed hy!
drodynamic state\ the Boltzmann distribution equation
is still valid[
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